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ABSTRACT. Partial differential equations with discrete (concentrated) state-
dependent delays are studied. The existence and uniqueness of solutions with
initial data from a wider linear space is proven first and then a subset of
the space of continuously differentiable (with respect to an appropriate norm)
functions is used to construct a dynamical system. This subset is an analogue
of the solution manifold proposed for ordinary equations in [H.-O. Walther,
The solution manifold and C'-smoothness for differential equations with state-
dependent delay, J. Differential Equations, 195(1), (2003) 46—-65]. The exis-
tence of a compact global attractor is proven. As far as applications are con-
cerned, we consider the well known Mackey-Glass-type equations with diffu-
sion, the Lasota-Wazewska-Czyzewska model, and the delayed diffusive Nichol-
son’s blowflies equation, all with state-dependent delays.

1. Introduction. The partial differential equations (PDEs) with delays have at-
tracted a lot of attention during the last decades as many processes of the real
world (like an automatically controlled furnace, bi-directional associative memory
(BAM) neural networks, reaction-diffusion processes) can be described by such kind
of equations. Studying these equations is based on the well-developed approaches to
the ordinary differential equations (ODEs) with delays [14, 8, 1] and PDEs without
delays [11, 12, 19, 18]. Under certain assumptions both types of equations describe
a kind of dynamical systems that are infinite-dimensional, see [2, 35, 7] and refer-
ences therein; see also [36, 5, 6, 3] and to the monograph [43] that are very close to
this work.

In many evolution systems arising in applications the presented delays are fre-
quently state-dependent (SDDs). The theory of such equations, especially the
ODEs, is rapidly developping and many deep results have been obtained up to
now (see e.g. [37, 38, 39, 20, 22, 40] and also the survey paper [15] for details and
references). The underlying main mathematical difficulty of the theory of PDEs
with SDDs lies in the fact that the functions describing state-dependent delays are
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not Lipschitz continuous on the space of continuous functions - the main space,
on which the classical theory of equations with delays is developed. This implies
that the corresponding initial value problem (IVP) is not generally well-posed in
the sense of J. Hadamard [11, 12].

The partial differential equations with state-dependent delays were first studied
in [26] (the case of distributed delays, weak solutions), [16] (mild solutions, infinite
discrete delay), and [27] (weak solutions, finite discrete and distributed delays). An
alternative approach to the PDEs with discrete SDDs is proposed in [29].

This paper is a continuation of the work [30] and its goal is to study the approach
used for ODEs with SDDs [37, 38, 15] in the case of PDEs. The main idea lies in
finding a wider space Y D X such that a solution u : [a,b] — Y be a Lipschitz func-
tion (with respect to a weaker norm of Y'), and constructing a dynamical system on
a subset of the space C([a,b];Y). It should be emphasized that the dynamical sys-
tem is constructed on a metric space that is nonlinear. More precisely, the existence
and uniqueness of solutions with initial data from that wider linear space is proven
first and then a subset of the space of continuously differentiable (with respect to an
appropriate norm) functions is used for constructing the aforementioned dynamical
system. This subset is an analogue of the solution manifold proposed in [38], see
also [15]. We use the same class of non-local in space variables nonlinear PDEs as
in [30].

As far as applications and motivations are concerned we consider the well known
Mackey-Glass-type equations with diffusion (a model in physiology), the Lasota-
Wazewska-Czyzewska model in hematology and the delayed diffusive Nicholson’s
blowflies equation in population dynamics. The approach proposed here allows to
study the models with state-dependent delays, which seems to be more realistic
comparing with the constant delay. See examples and remark 1 below for more
details.

The paper is organized as follows. The section 2 is devoted to the formulation
of the model and examples. The proof of the existence and uniqueness of (strong)
solutions for initial functions from a Banach space forms a main part of the section
3. In the section 4, an evolution operator S; is constructed and its asymptotic
properties in different functional spaces are investigated. The dissipativeness is
obtained in a Banach space, while the existence of a global attractor is proven on
a smaller metric space (the solution manifold). The choice of this smaller space is
different from that proposed in [30].

2. The model with discrete state-dependent delay and preliminaries.
Consider the following non-local partial differential equation with a discrete state-
dependent delay 7

(t,z) + Au(t,x) + du(t, z) = b ([Bu(t — n(u), )](z)) = (Fl(ut))(:c), x €,
(1)
where A is a densely-defined self-adjoint positive linear operator with domain
D(A) C L?(Q) and compact resolvent, which means that A : D(A) — L?(Q) gen-
erates an analytic semigroup, Q C R™ is a smooth bounded domain, B : L?(Q) —
L?(2) denotes a bounded operator that will be defined later, b : R — R stands for
a Lipschitz map, d € R,d > 0, and the function 1 : C([—r,0]; L?(2)) — [0,7] C Ry
denotes a state-dependent discrete delay. Let C' = C([—r,0]; L?(2)). Norms defined

au
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on L%(Q) and C are denoted by || - || and || - ||c, respectively, and (-,-) stands for
the inner product in L?(). As usually, u; = u(0) = u(t + 0) for 6 € [—r,0].

Examples. As the first application we propose the delayed diffusive equation
(see (1)) with Mackey-Glass type nonlinearity given by b(v) = fv (1 +v™)71 3 €
R,m > 1. Tt is the diffusive model of Hematopoiesis (blood cell production) with
the state-dependent delay and —A being the Laplace operator with the Neumann
boundary conditions. The model of Hematopoiesis when u does not depend on the
spatial variable 2 € Q) was first proposed by Mackey and Glass [21]. For the case
of constant delay n(u;) = 7 > 0 see, e.g. [9, 41] and also [44] for ny = 1 and
further references. One can easily check that the nonlinearity b(v) = fv (1 +v™)~?
is bounded and globally Lipschitz provided m = 2k, k € N.

As another application we can consider the diffusive Nicholson blowflies equation
with state-dependent delays [30], i.e. the equation (1) where —A is the Laplace
operator with the Dirichlet boundary conditions, 2 C R™ is a bounded domain
with a smooth boundary, the nonlinear (birth) function b is given by b(v) = p-ve™".

For the constant delay see, e.g. [34] and also [44] for ng = 1.

The third application is the Lasota-Wazewska-Czyzewska model in hematology
covering problems involving blood cell pathologies, where the nonlinearity is given
by b(v) = p-v¥e™?,p > 0,k > 1. For the case of constant delay ODE see, e.g. [17].
In our case the operator A is as in the Mackey-Glass equation.

Remark 1. The operator B may for example be of the following forms (linear
operators)

(Bul(z) = /Q o) Fe.y)dy, e, 2)
or even simpler
[Bu)(x) = / ()@ — )y, e, (3)

where f : Q — R is a smooth function and ¢ € C§°(€2). In the last case the nonlinear
term in (1) is of the (nonlocal) form

(Fy(u)) (@) = b ( [ e =ntu. st - y>e<y>dy) Creq ()

O

It is interesting to mention that the presence of the operator B in (1) (in our ex-

ample it is a nonlocal operator) has not only mathematical but also strong biological
motivations as discussed in [4] (see also a survey [10] for relevant references).

Consider the equation (1) with the initial condition

uli-r0) = ¢ (5)
and let
H={p e C(l-r,0; D(A"3))| p(0) € D(4})}. (6)
Let further

el = max [~ He(s)]] + |4 00)]

be a norm defined on the space H and D(A®) denote the domain of the operator
A“. In the sequel the following assumptions will play an important role.
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(H1.n) The discrete delay function n : H — [0, 7] is such that
iL, >0, dg > 0such that Yo,y € H =

W=

1 0 1
In(e) = ()| < Ly <QI|A2(<@(0) —1(0))[” +/ 1472 ((0) — 9 (0))II” d9) (7)

-r

(H.B) The following Lipschitz property of the operator B holds.
3Lp > 0 such that Yu,v € D(A™2) = ||Bu— Bo|| < Lg||A"2(u—v)|| (8)

Remark 2. The assumption (8) concerning the operator B implies that B is com-
pact (the case where B is the identity is excluded). This smoothing effect of the
operator B is important in our study of discrete state-dependent delays. As a nat-
ural example, under the assumption that for all (almost all) x € Q = f(- —x){(:) €
D(A?) and u € D(A™%), the term of the form (3) (a convolution) implies that

| (u, f(- = @)0()] < A7 2ul|||AZ £(- = 2)(-)]],
which gives

(/Q!/Qu(y)f(y—x)f(y)dyfcla:)é < ||A™ 2] (/Q||A5f(~—x)£(-)||2dm>2.

Hence, the property (H.B) (see (8)) holds with Lg = (fﬂ |AZ f(- — 2)0(-)| | dx)i

1
The same arguments hold (with Lp = (fQ |Az f(z,-)|2 dm) *) for a more general

term of the form (2).

The same motivation (a smoothing effect due to a nonlocal term) is used in
the integral term in (7). The same convolution type example, as just discussed, can
serve as a natural example of this effect, i.e. for any Lipschitz function g : R — [0, 1]

consider
() —/Org </Q o(6,y)(y) dy) de.

One can easily check that

0
)=l <L, |

-

0
[{2(6) —(8),0)|df < L, / |A=2 (0(0) — (0))||- || A= ¢]] dO

1
2

0
<L, (/ [|A72(p(0) — 1/1(9))|2d9> . with L, = Ly||A2¢||r2.

From the point of view of applications (the biological ones mentioned in the intro-
duction) it is also natural to have the nonlinearity and delay function of the nonlocal
type (for a detailed discussion of the nonlocality of the delay terms see, e.g. [4] and
a survey [10] and references therein). O

Let now the following space

L= {go € O([—r,01; D(A™ 1)) | sup
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with the natural norm

lolle = rr[laxo]llA-%¢<s>||+sup{'A_2(@<‘“f_*”(t))"}+|A%sa<o>| (10
se|—r, s#t |S t‘

be defined. For any segment [a,b] C R (c.f. (9)) and any Lipschitz-on-[a, b] function
®, let

|s — 1|

- Sup{nA%(so(s) —oO Ly e [a,b}} a1)

denote its Lipschitz constant and let |||¢]|[ = [|[¢]||{—r,0]. Then the following lemma
holds.

Lemma 2.1. Let the assumptions (H1.n) and (H.B) hold (see (7), (8)) and let the
function b : R — R be Lipschitz. Then any two functions ¢ € L9 € H (with H
and L defined in (6) and (9)) the nonlinearity F satisfies

IF1(¢) = Fu()l| < L, [mw] (al14"2(p(0) = w Ol + 14720 = ¥)llc)
(

12)
where

Lp, [() = LyLpv2max {1; (L, max{1; /r}} (13)
and Lp, [0] is used in (12) with

147 2((s) — o))l

|s =1

6= L, = el =sup { s ttstelnolf,

Proof of Lemma 2.1. Using the Lipschitz property of b and B (see (H.B)), it
follows that

1F1(9) — Fa()I]* = / b([Bel(—n(p), 2)) = b([BY)(—n(w), ) |* do <

< L | Bol(—n(p), x) — [BY](—n(v), z)|* dx
I

= BIBAC1() )~ B, <
< I3 1142 {p(-n(9) — (-n(¥)) £ o(=n(@)} | <
< 21213, (4772 {p(=n(¢)) — p(=n@) I+ 1472 (0 =) I3

Next, ¢ € £ implies that there exists L, = |||¢]|| > 0, (see (10),(11)) such that
IA72(p(s") = (DIl < Lyls' = 5%, Vs',s* € [-r,0]. (14)
Hence, (14) and (H1.n) give

1F1(0) = P ()] <
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272 | 7272 1/2 2 0 : 2
<223 1222 (4142000 DI + [ 1147 el6) - wio)P ) +
+147 (e - )l <

<2131} [LiL% (a11472((0) = (O I + 7 |4~ (o — )12 d6) +

LA - 3] <
< 230 max {1 L2 L2 max{ 1} [q 1A2(0(0) — ()| + (147 (g — ) 2]

The last estimate and using the formulas y/max{|al; |b|} = max{/|al; /|b|} and

Va2 + b2} <la| + |b| give (12), (13), which completes the proof.

3. The existence and uniqueness of solutions. As in [30] we need the following

Definition 3.1. A vector-function u(t) € C([—r,T];D(A~?)) n C([0,T];
D(AY2)) N L?(0,T; D(A)) with derivative u(t) € L>(0,T; D(A™'/?)) is a solution
to the problem defined by (1) and (5) on [0, 7] if

(a) u(f) = ¢(0) for 6§ € [—r,0];

(b) Vv € L*(0,T; L?*(2)) such that © € L*(0,T; D(A™!)) and v(T) =0 =

—/0 <u(t),1}(t)>dt+/ (AY2q(t), AYV20(t)) dt =

0
T
= (000 + [ (Fi(w) ~d- (0, v0)ar. (13
0
Now we prove the following theorem on the existence and uniqueness of solutions.

Theorem 3.2. Let the assumptions (H1.n) and (H.B) hold and let the function
b: R — R be Lipschitz and bounded, i.e. |b(s)] < M, for all s € R. Let further
v € L be a given initial condition. Then the problem defined by (1) and (5) has a
unique solution on any time interval [0, T such that i € L?(0,T; L*(Q)).

Remark 3. Notice that ¢ does not assume ¢ € L*([—r,0]; D(A)). However, the
definition of a solution implies that

uy € L*([-r,0); D(A)), Vt>r. (16)
]

Proof. We follow the proof of Theorem 1 in [30]. Notice that the assumption (H1.7)
is slightly more general than the assumption (H.n) in [30]. This implies some changes
in the proof of the uniqueness of solutions.
Let {ex}2, denote an orthonormal basis of L*(Q) such that Aey = A\geg, 0 <
A1 < ... < Ay — 400 and consider the Galerkin approximate solution u™ =
"M(t,x) = > 1 gr,m(t)er of order m such that
{ (W™ + Au™ + du™ — Fy(uf"), ex) = 0,

(u™(8), ex) = {((6). ex), VO € [—r,0] (17)
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Vk=1,...,m, gkm € CH0,T;R)NL?*(—r,T;R) with gy ,,, (¢) absolutely continuous.

The system (17) is a system of (ordinary) differential equations in R™ with
a concentrated (discrete) state-dependent delay for the unknown vector function
Ut) = (g1,m(t),---, gm,m(t)) (for the corresponding theory see [38, 39] and also a
recent review [15]).

The key difference between equations with state-dependent and state-independent
(concentrated) delays is that the first type of equations is not well-posed in the space
of continuous (initial) functions. To get a well-posed initial value problem, it is bet-
ter [38, 39, 15] to use a smaller space of Lipschitz continuous functions or even a
smaller subspace of C*([—r,0]; R™).

The condition ¢ € £ implies that the function U(-)|[_r,0) = Pm¢(-), which defines
initial data, is Lipschitz continuous as a function from [—r,0] to R™. Here P, is
the orthogonal projection onto the subspace span {ey,...,en} C L2(R2). Hence, we
can apply the theory of ODEs with discrete state-dependent delay (see e.g. [15]) to
get the local existence and uniqueness of solutions to (17).

Next, we will get an a priory estimate to prove the continuation of solutions u™
to (17) on any time interval [0, 7] and then use it for the proof (by the method of
compactness, see [19]) of the existence of strong solutions to (1) and (5). To that
end, multiply the first equation in (17) by A\igkm and sum for £k =1,...,m to get

1d
5 gAY 2 O + | A @) + d - [[A 2 (0|7 = (P F(u"), Au™ (1)) <
1 m 1 m
< SIPWP)|P 4 Sl Au™ (D)
As the function b is bounded, ||F(u")||* < MZ[Q| (here [Q| = [, 1dx), which gives

d
A2 @) + [ Au (1) < MFIQ. (18)
Integrating (18) with respect to ¢ and using the relationships ¢(0) € D(A'?),
u™(0) = Pup(0) € D(AYV?), [|AY2um(0)]| = [|AY2 P (0)]] < ||AV2¢(0)]], we get
an a priory estimate
t
A2 ()] +/0 | Au™ (7)|[* dr < [|AY2Q(0)| + MFIQI T,  ¥m, ¥t € [0,T].
(19)

The above relationship (19) means that
{u™}2_, is a bounded set in L>(0,T; D(AY?)) N L?(0,T; D(A)).
Using this fact and (17), it follows that
{a™}2°_, is a bounded set in L>(0,T; D(A~Y/2)) N L?(0,T; L*(Q)).
Hence, the family {(u™;4™)}2°_; is a bounded set in
7 = (LOO(O,T;D(AUQ)) mLQ(O,T;D(A))> x
x (L°°(0,T;D(A‘1/2)) N L2(0, T; LQ(Q))). (20)

Therefore, there exist a subsequence {(u”;u*)} and an element (u;1) € Z; such
that
{(u";u*)} *-weak converges to (u;) in Z;. (21)



826 ALEXANDER V. REZOUNENKO AND PETR ZAGALAK

The proof that any *-weak limit is a strong solution is standard. To prove the
property u(t) € C([0,T]; D(A'/?)), we use the well-known (see also [18, thm. 1.3.1])

Theorem 3.3. (Proposition 1.2 in [31]). Let V denote a dense Banach space that is
continuously embedded in a Hilbert space X and let X = X* so that V — X — V*.
Then the Banach space W,(0,T) = {u € LP(0,T;V) : @ € L1(0,T;V*)} (here
p~t+q 1 =1) is contained in C([0,T]; X).

In our case X = D(AY?), V = D(A), V* = L*(Q), p=q=1/2.

Now we prove the uniqueness of solutions. Using the fact that ¢ € L, the
definition 3.1 of a solution v, and 0(t) € L*(0,T; D(A~/2)) (see (21)), it follows
that for any such a solution v and any 7" > 0, there exists L, 7 > 0, such that

[A7Y2(u(s) — v(s?)|| < Loz|st — 82|, Vst s% € [-rT). (22)
In the light of (11), let L, 1 = ||[v|||—r77-

Consider any two solutions u and v of (1), (5) (not necessarily with the same
initial function). The standard variation-of-constants formula u(t) = e~4*u(0) +
fot e AT F(u,)dr and the estimate [[A%~*A|| < (2)% e~ (see e.g. [7, (1.17),
p.84]) give

1472 () = o)
< e MAYE(0) = o(O)| + [ 142 A 1P () - Flw,)l| e

12

‘ 1/2
< e_>‘1t||A1/2(’LL(0) —(0))| +/0 (t - 7-) e 1/2 [|F(u;) — F(vs)||dr, (23)

1/2
as [|A1/2e=AM=T)|| < (ﬂ) e~'/2 and similarly,

t—7

t
1472 e = wlle < 14720 = w)lle + [ [IF(un) = Fon)dr.
0

The last estimate and (23) give (just the case when g = 1 is shown for the purpose
of clarity)

IAM2 (u(t) = v@O)I + |AT2 (up — vl < e M| AY2 (u(0) - v(0))[|+
t
1A — wo)lle + [ {1+ (2t = )V IP () — Folldr. (20
0
It follows, from Lemma 2.1, that

1 () = F@oll < Ly (a 472 (u(t) = o) + 1472 (e = w)lle) - (25)

where Lp, , 1 is defined in the same way as Lg, in (13), just with £ = L, ¢ instead
of L, - see (13) and (22).

Lp, ot =Lp, {LM} = LyLpv2max {1; L, 7L, max{1; /7}} . (26)

It should be emphasized how the Lipschitz constant L., 7 = |||v|||—, 7] of a strong
solution v is taken into account in (26) (see (22) and (11)).
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Let
g(t) = [|AY2(u(t) — o) + (|42 (u = ve)|o-
Then the relationships (24) and (25) lead to the following estimate

g(t) < g(0) + /Ot {1 + (2e(t — T))’”Q} Lp, v - g(7)dr
Lemma 3.4 (Gronwall). Let u,« € Cla,b], B(t) > 0,8 is integrable on [a,b] and
wt) s+ [ Beutnyar, a<i<o
Then '

u(t) < aft) + /I: B(7T)a(T) exp {/Tt B(s) ds} dr, a<t<b

Moreover, if a is non-decreasing, then
¢
u(t) < at) exp {/ B(s) ds} ,a<t<h.
a

It follows, from the above lemma and equality fot(t —7)~Y2dr = 2tY/2, that

9(t) < 9(0) exp {LFI,U,T / RERSCATRNS ds} <

S g(O) exp {LFI,U,T <t + \/?) } )

A2 (u(t) o) + 1Ay~ v <
< By (142((0) — o(0)]| + 1472w~ w)lc) , (2)

2T
Ep, v = exp {LFl,uT : (T +/ e) } , (28)

see (26) for the definition of Lg, , o = Lp, [Lv}T] This proves the uniqueness of

which implies, V¢ € [0, T, that

where

the solution to (1) and (5), and completes the proof of the theorem. O

4. Asymptotic properties of solutions. This section is devoted to studies of
the asymptotic behavior of solutions in different functional spaces. We define first
(in a standard way) the evolution semigroup S; : £ — L (the space L is defined in
(9)) by the formula

Sip=uy, t2>0, (29)

where u(t) is a unique solution to the problem (1) and (5) (see definition 3.1).

The estimate (27) means the continuity of the evolution operator S; in the norm
of the space H (see (6)), i.e.

1See = Sedbller < Ery o1 |l — 9| for all ¢ € [0,T]. (30)
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The aim now is to get a more precise estimate, e.g. the continuity of S; in
the norm of the space £ (see (9), (10)). Consider the definition of the Galerkin
approximate solution (see (17)). It gives

ATY2 (@™ (t) — 6™ ()] < A2 (™ (8) = o™ (O)] + dl| AT (u™ ()~

— o)+ [[F1(uf) — Fi (o]
and Lemma 2.1 implies

A2 (@™ (t) — 6™ ()] < (L+d + Lp){|[AYV2 (@™ (1) — o™ ()] +

AT (" = vi)lle )

An analogous estimate for a solution to the problem (1) and (5), can be obtained

from (21) and the following

Theorem 4.1. [45, Chapter V, Theorem 9, p.125] Let X be a Banach space. Then
*

any *-weak convergent sequence {wi}S>, € X* *weak converges to an element
Woo € X* and ||weo || x+ < lminf, o0 [|wn || x=-
More precisely,

ess supyeqo 71| A2 (a(t) — o(¢))[] < (L +d+ L) ts[lé%]{l\Al/z(U(t) —v(®)ll+
€10,

AT (= vy)ll e}
The last estimate and relationship (27) imply
ess supye (o, 7 ||A™2(a(t) — o(1))]] <
< (L+d+ Le)Bry o (I4Y2@(0) = o) + 1472 (uo — wo)llc) ~ (31)
Hence, see (11),
llu = vllo;ry < (L+d+ Le) By (I4Y2(0) = v(O)]] + 1472 (o = vo)llc )
From that and (27), it follows that

llug — vel|lc < (24 d+ Lp1)Ep, o1 ||uo — vol|z, Yt € [0,T], (32)

which finally means that for any 7" > 0 there exists a constant C7 > 0 such that
YVt € [0,T] it gives

[[ue — vellc = [|Sep — Sedbllc < Crlle —lle, Yo, € L (33)

The last inequality means the continuity of the evolution operator S; in the norm
of the space £ (see (29) and compare with (30)).

Remark 4. It should be noted that the evolution operator and, more generally,
the time-shift is not a (strongly) continuous mapping in the norm of the space £
(see (9)). This can be illustrated by the following simple (scalar) example.
Consider the space

»Clp([—r,T],R) = {U : [—T,T] - R: sup{w(s)v(t)|

s 1] ,5#t;3,t€[—r,T]}<oo}
and analogously define the space Lip ([—r,0]; R) with the natural norm

v(s) —v(t
lollesy = s @)+ sup { =20 s 2 e ).
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The (strong) continuity of the time-shift means that
Yo € Lip ([—r,T|;R) and V¢ € [0,T] = %ir% [lvitn — vel|zip = 0. (34)
—

Obviously, when ¢ = 0 one considers h — 0%, while for t = T, the case h — 0~
should be investigated.
To prove the claim, we must show that (34) does not hold, i.e.

Jv € Lip ([-r,T;R) and Ity € [0,7] for which }llirr%) [1Vtg+n — Vel ip # 0. (35)
—

Thus, consider the case tg = 0, h — 07 and the function

)0, te[-r0
U(t){t, te (1)

It can be seen that v;, = vp =0 and

0, 0 € [—r, —h]

Vot = o+ (8) = {h +0, 0€(~h,0]

Hence, |[vi,+n — vio|lip = [|Vto+nllcip = h+ 1 and finally hl_i{g+ [[Vtg+n — Vio | cip =

hliIgl+(h +1) =1 # 0, which means that (34) does not hold. In the space £, we
—

would proceed analogously. O

Remark 5. In the same way as in the previous remark one can show that the
time-shift is not a (strongly) continuous mapping in the topology of L*°(—r,0).
0, te€[-r0]

One could consider the function v(t) = and tg = 0 to show that
1, t€(0,T]

lim [[Up — Uo||ee(—r0) = 1 # 0. By the way, v = %u where, as usually, the

h—0+ ’

time-derivative is understood in the sense of distributions. O

The above remarks show that despite of the existence and uniqueness of solutions
in the space £ and even strong continuity of the evolution operator S; in the norm
of L (see (33)), the pair (S¢; £) does not form a dynamical system since S; is not
strongly continuous as a mapping of time variable.

The methods, developed for ordinary delay equations in [38] suggest to restrict
our considerations to a smaller subset of the space of Lipschitz functions. In this pa-
per we follow this suggestion and consider the evolution operator S; on the following
subset of £

X={ ¢eCY[-r0];DA1/2) such that
#(0) € D(AY?)) and $(0) + Ap(0) +dp(0) = Fi(p) }C L. (36)
Here the equality ¢(0) + Ap(0) + dp(0) = Fi(yp) is understood as an equality in
D(A™Y/2),
Remark 6. The set X is an analogue of the solution manifold introduced in [38]
for the case of ODEs with state-dependent delays. O

To show that the set X is invariant under the evolution operator Sy, we first have
to establish an additional smoothness property of the solutions of problem (1), (5).
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Lemma 4.2. For any ¢ € C*([—r,0]; D(A~Y/2)) such that ©(0) € D(A'Y?)), the
solution to (1), (5) (which is given by Theorem 3.2) has the property (c.f. Theo-
rem 3.3 and Theorem 3.2)

we C([0,T]; D(A™Y?), VT >0. (37)

Remark 7. We do not assume ¢(0) € D(A), just ¢(0) € D(AY?), so we cannot
directly use [24, Theorem 3.5, p.114].

Proof of Lemma /.2. By Theorems 3.3, 3.2, for any ¢ € C*([—r,0]; D(A~1/?))
such that p(0) € D(AY?)), there exists a unique solution u(t) € C([—r,T];
D(A=Y/2)) nC([0,T); D(A'Y/?)). This property and Lemma 2.1 then imply the con-
tinuity of the function

p(t) = Fi(u) € C([0, T]; L*(2)). (38)
Consider the following auxiliary linear system without delay

() + Av(t) + do(t) = p(t), t >0, (39)
v(0) = ¢(0) € D(A'/?)
In the same way as in (17), the Galerkin approximate solution v™ = v™(t,z) =
> orey Gkm(t)ex of order m to (39) can be defined such that
{ (0™ + Av™ + dv™ — p(t),er) =0, >0, (40)
(v™(0),ex) = ((0),ex), Vk=1,...,m.

where gi ., € CH(0,T;R) N L%(—r, T;R) and gx,m(t) is absolutely continuous.

The difference between approximate solutions ™ and v™ lies in that v™ are
solutions just to linear system (40). So, for any two approximate solutions v™ and
v™ (solutions to (40) of different orders n and m), one has gi n(t) = gk,m(t), which
is denoted by g ().

Multiply (40) by Aggr and sum for k =n+1,...,n+ p (p is any positive integer)
to get

(0P (t) — 0" (1), A" TP () — v"(1))) + [[A(" P (1) — 0" (1))]]*+
+d("TP () =" (1), AW (E) = v"(1)) = ((Pntp — Po)p(t), AW™TP(t) — 0" (1))

It should be recalled that, see the proof of Theorem 3.2, P,, is the orthogonal

projection onto the subspace span {e1,...,en} C L*(Q). Hence,
]- d 1 n n n n 1 n n
37142 @) o (DI +[A@™P (1) =™ ()] +d]|AZ (0" P () =™ (1)) ||* <
n n 1
< N(Patp = Pa)p@)I] - [[AQ" (1) = 0™ ()] < S11(Patp = Po)p(t)| [P+
1 n n
+ 5[ A@™(E) —v I

which gives

%HA%(UW’@) =" O) + [[A@" P () = " O)* < [|(Pasp — Pa)p(®)I*-
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Integrating the last estimate results (Vt € [0,7]) in
143 P () — v ()12 + /HA () = " (7)) dr <
< [|4% ("7(0) — v (0) I + /|| ip — Pap(r) |2 dr <
< [(Pusy — P AR () + / (Posy — Po)p(n)] 2 dr.

Summing up, the above estimate, the fact that ¢(0) € D(A'/?)), the strong
convergence ||I — P,|| — 0 for n — oo, and (38) imply that

the sequence {v"}>° 1 is a Cauchy sequence in C([0,T]; D(A%)). (41)
Now our goal is to show that the sequence {v 10 s a Cauchy sequence in
C’([ T); D(A~ 1/2)) So, multiply first (40) by A, % o get A, 2gk( )= —)\,';’gk( ) —
A, * glk(t)+<>\k #p(t), ex). This gives Ay (31(0)> < 3he(gk(1))” + 3020 (g (1)* +
31\, 2p(t), ex)|?. The sum for k =n+1,...,n + p reads

[[A72 (@2 (1) = 0" ()1 < 3|47 ("7 (1) - ”( DIP+

+3d°|[A72 (0" (1) — 0" ()1 + NPy = Po)p I <

d2 1, n n
<3 (14 37 ) Ik —o . 2= PRI
n+1 n+1
The last estimation together with (41) give that
the sequence {#"}2°, is a Cauchy sequence in C([0, T]; D(A™2)). (42)
Thus, there exists a unique solution v(t) (v = lim, o v™) to the linear system (39),
which satisfies v € C([0,T]); D(Az)) and © € C([0,T]; D(A™2)).

On the other hand, the nonlinear delay system (1), (5) with the initial function
¢ has also a unique solution. From the construction of p(t) (see (38)), it follows
that u(t) = v(t) for all t € [0,T], which gives (37) and completes the proof of
Lemma 4.2. O

Lemma 4.2 particularly shows that the set X, defined by (36), is invariant under
the evolution operator S; (see (29)). This fact allows to define an evolution operator
(denoted again by S;) S;: X — X in the same way as in (29). Now, if the natural
norm

llellx = max [[A72p(s)|| + max HA Y2p(s)] + 1AV (0)]
s€[—r,0] sg[—r
on X is taken into account, then Theorem 3.2, Lemma 4.2, and Theorem 3.3 give
the continuity of S; with respect to ¢ in the norm of X. Hence, (S;; X) defines a
dynamical system.

Now we will pay attention to the long-time asymptotic behavior of the con-
structed evolution semigroup Sy : X — X.

Theorem 4.3. Using the above notation and under the assumptions of Theo-
rem 5.2, the dynamical system (Si, X) is dissipative. If, in addition, ¢ = 0 in
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(H1.n), then (S, X) possesses a compact global attractor A, which is a bounded set
in the space C' ([~ 01: D(A=1/%)) 11 C([-r. 01 D(A%)), o' € (3.1).

Proof of Theorem /.3. It will be shown first that (S¢, X) is a dissipative dynam-
ical system. To that end, the below proposition is needed.

Lemma 4.4. [30, Lemma 1] Let all the assumptions of Theorem 3.2 hold and let o €
(3,1). Then there exists a bounded subset BV, of the space C*([—r,0]; D(A™2))N
C([—r,0]; D(A%)), which absorbs any strong solution to the problem (1) and (5) for
any nitial function ¢ € L.

Second, to apply the classical theorem on the existence of a global attractor (see,
for example [2, 35, 7]), we show that (S, X) is asymptotically compact. Consider
therefore any solution u(t) to the problem (1) and (5) with ¢ € BV, as an initial
function. We will show that for any § > r > 0 and any T > § the set U = {u; =
Sip|p € BVy, t € [§,T]} is relatively compact in X.

Recall that the set BV, is a ball in C*([—r,0]; D(A~/2))nC([~r,0]; D(A®)) (for
more details see [30]) and notice that, by Corollary 4 from [32], the set BV, is rela-
tively compact in C([—r,0]; D(A~1/?)) (see also [32, lemma 1]). It remains to show
that {u(t) | € BV,, t € [§ —r, T} is equi-continuous in C([§ — r, T]; D(A~1/2)).

Theorem 4.5. [24, Corollary 4.3.3 and Theorem 4.3.5]. Let A be an infinitesimal
generator of an analytic semigroup {T(t)}1>0. If f € LY((0,T);Y) is locally Holder
continuous on (0,T], then for every x € Y the initial value problem

u(t) = Au(t) + f(t),t > 0; u(0) ==

has a unique solutionu. If f € C?([0,T);Y), then for every § > 0, Au € C?([5,T];Y)
and u € CY([6,T);Y).

Here C?([0,T];Y) denotes the family of all Holder continuous functions on [0, 7]
with the exponent € (0,1). In this case, Y = L?((Q).

In order to apply Theorem 4.5 to our case, we have to show that p(t) = Fy(u) €
CO[8 —r, T); L2(R2)) (c.f. (38),(39)). Therefore, consider t € [§ — r,T] and

I[p(t + h) —p@)|| = ||Fi(uesn) — Fi(uw)]| <
< Lg,[lsv,] max JAT2(u(t + h+ s) — u(t + s))|| < Lr, [¢sv,] sy, |l

se[—r,0
where Lp, [¢gy,] is the constant defined in Lemma 2.1 with £gy, such that |||¢]|| <
Ly, Vb € BV, (the existence of such ¢gy,, follows from Theorem 4.1). Here, ¢ =0
is used.

The last inequality shows that p : [§ — r,T] — L?(Q) is Lipschitz continuous,
which is the situation to which Lemma 4.4 can be applied. It should also be noted
that the family {p(¢)}, for all initial ¢ € BV,, is uniformly Lipschitz, i.e. all the
Lipschitz constants are lower or equal to L = L, [{sv,]-¢sv, . Then by Theorem 4.1,
it is guaranteed (see the proof) that the family {u(t)|p € BV,, t € [0 —r, T} is
uniformly Hélder continuous, and thus equi-continuous in C([§ — r, T]; L*(Q)).

Theorem 4.6. [32, lemma 1] Let B be a Banach space. A set F of C([0,T); B) is
relatively compact if and only if

(i) F(t)={f(t): f € F} is relatively compact in B, 0 <t < T,
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(ii) F is uniformly equicontinuous, i.e. Ye > 0,3n such that ||f(t2) — f(t1)||B <
e,Vf € F,V0 <t <tg <T such that [ta — 1| <7

Applying Theorem 4.6 completes the proof of Theorem 4.3. O

In all the applications considered above (Mackey-Glass-type equations with dif-
fusion, the Lasota-Wazewska-Czyzewska model in hematology and the delayed dif-
fusive Nicholson’s blowflies equation) the functions b are bounded and globally Lip-
schitz, so for any delay function 7 satisfying (H1.n) and any (nonlocal) operator
B, satisfying (H.B) (as discussed in Remark 2), the conditions of Theorem 3.2 and
Theorem 4.3 are satisfied. As a result, we conclude that the initial value problem (1)
and (5) is well-posed in X and the dynamical system (S;, X') has a global attractor
(Theorem 4.3).
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