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Discrete General Binary Estimation

Dependence-Tree Concept

chain expansion formula:
= p(x1) HP(Xn|Xn—17 conXt), x=(x1,%,. .., xn) € X,

dependence-tree expansion:
7= (i, h,...,iy) &~ permutation of the index set N ={1,2,..., N}

P(x|) = p(x,) [ ] p(x,

Xi,)s Jn€{h,...,in—1} =~ spanning tree of N

n=2

N
P(x|r) = x,l)H’”'"’Xf" alx,n] [H pf’”’*f” ]

- p(xi,)p(x;,)

in natural ordering: N

N
P(x|c, 6) Hp X; H pl() meik ) = p(x1) H p(xn|xx,)

n=2

marginals: 0 = {p(x,,xx,),n=2,..,N} //= {p(x,),n=1,..,N}
dependence structure: o = (ky, .., kn) @



Discrete General Binary Estimation

Binary Dependence-Tree Approximation (Chow & Liu)

minimum Kullback-Leibler information divergence:
P*(x) ~ given distribution, P(x|c,0) ~ binary dependence tree

criterion:  /(P*(")||P(:|a, 8)) ZP* ) log P(x |( 2 )
xeX
1

N1 1
_H(P*)_Z *(x1) log p(x1) ZZ Z (Xn, Xk, ) log p(xn|xx,) =

x1=0 n=2 x,=0 x4, =0
1 N o1 1 Pl )
* s Xkn
—Z p*(x1) log p(Xl)_Z Z P (xk,) Z ﬁ log p(xn|x«,)
x1=0 n=2 xy, =0 x,=0 p kn
for any fixed dependence structure « = (ko, ..., ky) the criterion

1(P*(")||P(-|cx, 8)) is minimized by the two-dimensional marginals 0":
p*(XIHXk,,)

p*(an)I-_M.

0" = {p*(X,,,an)7 n= 27 009 N} = P(Xl) = P*(X1)> p(Xn|Xk,,) =



Discrete General Binary Estimation

Binary Dependence-Tree Approximation (Chow & Liu)

making substitution for 8™ we can write:

* * (X)
I(P*(1)||P(-|cx, 67) P*(x)log =———— 5+ =
(P*(IPC g{ (x) Pixo. 67
N N 1 (X Xk)
__H P* + p XmX |Og+
2 ; ggxkz_:o o) p*(xa)P* (xx,)
11 R
Shannon information: Z(p;, Xp, Xk ) log ———2 "l
(P Pe) =Y. > P (Xn Xk,) log AT oo

Xp= Oan—O
Shannon entropies: H(P*), 221:1 H(p) =~ structure independent

I(P*()IIP(|e, 0%)) = —=H(P*) + > H(py) = > _Z(Py. pk,) — min

= a* = argmax, { 22;2 Z(p;, p;n)} ~ maximum-weight spanning tree

(oTiA]



Discrete General Binary Estimation

Estimation of Binary Dependence Tree (Chow & Liu)

2.0} x=(x1,x0,...,xn) € {0, 1}V

binary dependence-tree distribution:

data set: = {x(M, x®

N

N
P(xle,0) = p(x1) ] ] pxalxk,) = [T p(xn) H ¢ X"})?ik)>

log-likelihood function:

L, 0) log P(x|ca, 0) =
(20) = 57 32 e Plsto0) = 57 3

XES XES

[logp x1) Zlogp Xnl Xk, 1

using d-function notation Zénzo 8(&ny xn) = 1 we can write

L(c,0) = Z [| 2551,X1]Iogp(£1)

xXES

‘S| 25 men fk y Xk )‘| |ng(§n|§k )

xX€ES

(oTiA]



Discrete Gene ary Estimation

Estimation of Binary Dependence Tree Distribution

denoting p(&,), p(&n, &k, ) the estimates of marginal probabilities:

n ‘S|Z(5§n7xn gnagk ‘ |Z5§n,x,, §kn,Xk) nEN,

xX€ES xES

we can write:
N

1 1 1
Z (&) logp(&a) + > D> > plén éx,) log p(nlk,)

£&1=0 n=2 £,=0 &, =0
1

1 N 1 ,\
Z (€1) log p(€1) Z Z Plén) D =i Pr.Che) 1og (e 64,)
1=0 n=2 £,=0

= for any fixed dependence structure a the log-likelihood
criterion L(a, 0) is maximized by the distributions:

A (gmgk ) i
p(&n) = P(&n),  P(&nlék,) = P(gk,,) ) eEN

(oTiA]



Discrete General Binary Estimation

Estimation of Binary Dependence Tree Distribution

making substitutions p(¢,) = p(&,), p(&nlék,) = ’A’(f"’gk)") we obtain:

N o1 NO11 R
A p n»
L) =3 37 plenlogp(e) + 3 37 3 plen) ot
22 Lyl 2 & B(En)B(EL,)
and using the mutual Shannon information formula Z(p,, px,):
p*(X"7an)
Z(pn, Pk (Xn, Xk, ) log ——<"——
2 ZZ (el (o)

we can write: i N

L(c,0) =Y —H(pn) + > (P, Pr,)

= the dependence structure « is optimized by maximizing the last
structure-dependent sum:  (Z(p,, px,) =~ edge weight)

maximum weight spanning tree: & = arg maxq { 22122 Z(pn, f)kn)}

(oTiA]



Continuous Continuous Estimation

Continuous Dependence-Tree Approximation

multivariate probability density functions P*(x), P(x|a, )
N
P(x|o,®) = f(xa) [ | F(xnlxk,), x € RV,
n=2
P*(x)

criterion:  /(P*(")||P(:|e, ) = /R’V P*(x) log de =

/P*(x) log P*(x)dx—/ P*(x) [Iog f(x)+ Z log f(x,,xk")] dx = —H(P*)—

- f*(xl)logf(xl)dxl—ﬁ; [ | [ el o s o a

for any fixed dependence structure o = (ko,..., ky) the criterion
1(P*(")||P(-|cx, 1)) is minimized by the two-dimensional marginals 9¥":

F*(Xn,y Xk, )

(%, ) [OTiA

9 = {*(Xp, xk,), N =2,...,N} = f(x1) = F*(x1), f(xn|xk,) =



Continuous Continuous Estimation

Continuous Dependence-Tree Approximation

making substitution for ¥* we obtain:

1P CIPCla9)) = [ PP (R)log o s =

N N

—H(P*)+ > H(f) - Z/R F* (3, Xk, ) log ff(x();fx(k) dxndx,

n=1 n=2 an)

F*(Xny X, )

Sh inf tion: Z(f, )= [ *(xn, I dx,d
annon information: Z(f',f.) /R2 (Xn, X, ) log () P (%) Xp X,

I(P*()||P(-|ax,9%)) = —H(P*) +ZH (f) Z Z(fF, fE) — min

Shannon entropies: H(P*), 221:1 H(f¥) ~ structure independent

= «f = arg max, { Z,':I:2 Z(fr, f,;:)} ~ maximum-weight spanning tree

(oTiA]



Continuous Continuous Estimation

Estimation of Gaussian Dependence Tree

data set: S={xM x® ...} x=(x,x,...,xn) €ERN

Gaussian dependence-tree:

N
P(Xla, p, E) = f(xalpa, 01) [T F(alxkns s ks k)
n=2
r f(Xka,,IlJ/m/Jk,,aznkn)
P(X|a»I~La z) = f(X1|/’L170-1) H f(Xk O )

n=2
we assume Gaussian densities:

1 (Xn*llbn)2 U% O nk
f(Xn|/~Ln,0n) = WGXP{— 202 }7 2ok = O 0_[2( , mkeN,

f(XI‘HXk|N'n7N’k7 znk) =
1

= m exP{—%(Xn = My Xk — /Jfk)TZ;kl(Xn — Wny Xk — Mk)}

log-likelihood function:

Lo, p, X) = S Z log P(x|cx, p, X) — max

x€eS '.711.A



Continuous Continuous Estimation

Estimation of Gaussian Dependence Tree

making substitution for P(x|a, pt, ) we obtain:

N
Lla,p, X) = Z log (x1|p11,01) — > _ log f (i, |, ok, ) | +
|S| XES n=2
+Z Zlogf (X X s Lk ik,

XES

for any fixed dependence structure « the criterion L(o, p, X)
is maximized by m.-l. estimates of the two-dimensional marginals:

f(Xka“Lm/«Lkv znk) - f(Xka|ﬂmﬂka inl<)7 — f(Xn|/Jn7 Un) - f(Xn|/~ALm&n)

1 m&kn)

fiks ke )/ F (X,

= f(X,,|an,,u,,,,uk", ann) = f(Xkan [t
m.-l. estimates of parameters:

fin = |S| Z Xns Aﬁ |S‘ Z(Xn_ﬁn)2a Gpk = ‘S| Z :Uk)
xES xES l_—Mo



Continuous Continuous Estimation

Estimation of Gaussian Dependence Tree

making substitutions u, = ﬁn,an = 0p,0nk = Opk WE can write:

(o, & Z Zlogf Xp|finy 6n)+

XES
N N
1 f(Xn7Xk |ﬁn7ﬂk ;an )
- | n n n
+ 2 157 2 8 Fxy i 5,0 O s 64
and finally:
N 1 52,
L(mﬂ,}:):zi[l—l—log%r +Z—Iog< )
n=1 k,,

last term is the Shannon information between the variables x,, xx,
A2
T(F(|fin, 3a), f (ks 1)) = 3 log (1 — 772%-)
n~ kp
= the structure is optimized by the maximum-weight spanning tree:

& = argmaxa { S0 Z(F(1iin, ), F (-l 5,)) |

(oTiA]



Mixtures Mixtures EM algorithm

Mixtures of Gaussian Dependence Trees

mixtures of Gaussian dependence-tree components:

P(x|w7a7u,2) = Z WmF(X|amvl"‘mazm) =

meM
N
= > winf Cali™, of™) T £ Gl 157, 1 250
meM n=2
weight vector: w = (wy, ..., wy), structural parameters: {a1,...,anm},
component parameters:
H = {Au'lv /‘1’25 R H’M}? u’m = {/u’(l 7ugm)a e Hu‘s\lm)}7

(m) (m) o™ ol
22{21,..72[\/[}, zm:{znkn,n:2,..,/\/}, an” == U(m) (m’32 5
nk,

maximum likelihood criterion:

L(W7a7l'l'a |S‘ Z |Og Z WmF(X|am,Nm7zm)

xeS meM

— max

(oTiA]



Mixtures Mixtures EM algorithm

EM Algorithm for Gaussian Dependence-Tree Mixtures

EM algorithm: iterative maximization of weighted likelihood functions

Qm(amnufmvzm) = |0g F(X|am7/1'mvzm)7 me M

conditional weights g(m|x) and the new component weights w,:

o Wm,:(x|a‘m7/'l’m7Z
amk) = = oo, o x) " |5|Z a(mpx)

XES
for any fixed structure «,, the weighted likelihood Q,, is maximized

by weighted maximum-likelihood estimates 1™, o™, a;(km):

) q(m|x (0 (m)2 — 1 < g(mlx) o — (2
n n - ’ n /’Ln 9
=15 - Z s O = g 2 s )

)y 1 x~a(mx) o vy ()
Opk  — ‘S| ZS W,/n|8| (Xn K )(Xk p’k )7 n7k€N7 meM

(oTiA]



Mixtures Mixtures EM algorithm

EM Algorithm for Gaussian Dependence-Tree Mixtures

(m) _S(m) _(m) (m) _(m) _ _'(m)

making substitutions pn = pu, ,0n 0 =o0n ,0,, =0, we get:
N
- q(m|x) /
Qnlam iy ) = 3 50 L8 g (s, ) +
n=1xes§ =M
n ZZ q m|x f(Xnanan( )7Mk(m), n(km))
\S| "(m) /(m)yf (m)
5 2 WalST S Rl ™, 0 ™) g™, ™)

the weighted log-likelihood can be transformed to the form:

U'(m)2
nk,
+Z Iog ( = (m2 ’(m)2>
On O—k

n

1+ Iog(27ro';7(
2

N
Qm(anﬂu‘;na zlm) = - Z

n=1

and therefore Qu(ctm, 1, X.,,) is maximized by maximizing
the last sum of spanning-tree information weights:

N
a;n = arg max {ZI(f(.m;(m)’ 3,’7('77))7 f(,mk(nm)7 6k(nm)))}



Application Table Numerals Gaussian Comparis

Approximation Accuracy of a Binary Table Distribution

P*: original; Pi: product of marginals; P,: Chow & Liu; P3: Ku & Kullback;
product mixtures P;: M=2; Ps, Ps: M=3; dependence tree mixture P;: M=2;

nmn s | PW | P | 2w | 2w | P | P | P | P
00 0 0 | -1000 | -0456 | -1296 | 09977 | -1037 | -1000 | -0857 | -1000
0 0 0 1 | -1000 | -0456 | -1037 | -10000 | -1296 | -1000 | -1143 | -1000
0 0 1 0 | -0500 | -0557 | -0370 & -04958 | -0296 | -0500 | -0600 | -0500
0 0 1 1 | -050 | -0557 | -0296 | -04927 | -0370 | -0500 | -0400 | -0500
0 1 0 0 | -0000 | -0557 | -0152 | -00051 | -0149 | -0000 | -0000 | -0000
0 1 0 1 | -0000 | -0557 | -0121 | -00026 | -0124 | -0000 | -0000 | -0000
0 1 1 0 | -1000 | -0681 | -0681 | -10011 | -0669 | -0833 | -0900 | -1000
0 1 1 1 | -0500 ‘ ‘0681 | 0546 | -05035 | -0558 | -0667 | -0600 | -0500
1.0 0 0 | -050 | -0557 | -0530 | -05027 | -0519 | -0600 | -0643 | -0500
1.0 0 1 | +1000 | -0557 | -0636 | -09996 | -0648 | -0900 | -0857 | -1000
1.0 1 0 | -0000 | -0681 | -0152 | -00039 | -0148 | -0000 | -0000 | -0000
1.0 1 1 | 0000 | -0681 | -0182 | -00076 | -0I85 | -0000 | -0000 | -0000
1 1 0 0 | -0500 | -0681 | -0331 | -04945 | -0397 | -0400 | -0500 | -0500
11 0 1 | -0500 | -0681 | -0397 | -04978 | -0331 | -0600 = -0500 | -0500
11 1 0 | -1500 | -0832 | -1488 | -14992 | -1785 | -1667 | 1500 | -1500
11 1 1 | -1500 | -0832 | -1785 | -14962 | -1488 | -1333 | -1500 | 1500
Number | 15 s 2 sl o] 1| sl s
of param. | | | | l |
Number £ 1 ; 1| 1 ; 2 1 3 3 3 ‘ 2
of comp. ! | i ‘ |
H(p*, Py \ <0000 | -3687 } -0952 " 0098 | 0952 | -0092 } -0084 | -0000
| ! i

( J. Grim, Kybernetika, Vol. 20, No. 1, pp. 1-17, 1984 )



Application Table Numerals Gaussian Comg

Recognition of Numerals by Mixtures of Dependence Trees

N

P(x|c, 6) Z Wi p(™ Hp(’")(x,,|xkn)

meM n=2

number of components M=400, number of parameters: 819200

examples of dependence-tree components (numerals: 0, 3, 8)

(oTiA]



Application Table Numerals Gaussian Comparison
l CLASS ” 0 [ 1 [ 2 [ 3 [ 4 [ 5 [ 6 [ 7 [ 8 [ 9 [ false n. l
0 19950 8 43 19 39 32 36 0 38 17 1.1%
1 2 22162 30 4 35 7 18 56 32 6 0.9 %
2 32 37 19742 43 30 9 8 29 90 16 1.5 %
3 20 17 62 20021 4 137 2 28 210 55 2.6 %
4 11 6 19 1 19170 11 31 51 30 247 21 %
5 25 11 9 154 4 17925 39 6 96 34 21 %
6 63 10 17 6 23 140 19652 1 54 3 1.6 %
7 7 12 73 10 73 4 0 20497 22 249 21 %
8 22 25 53 97 30 100 11 11 19369 72 21 %
9 15 13 25 62 114 22 3 146 93 19274 2.5 %
false p. ” 0.9% [ 0.7% [ 2.7% [ 2.0% [ 1.7% [ 2.3% [ 0.7% [ 1.6% [ 3.3% [ 3.5% [ 1.84%
classification error matrix for a multivariate Bernoulli mixture (M=1571 1462373 p )
cass [ o | 1 [ 2] 3] a4 5 | 6 ] 7] 8] o/ tasen
0 19979 11 62 21 18 26 25 2 28 10 1.0 %
1 5 21981 78 13 74 1 20 155 21 4 1.7%
2 22 15 19777 72 26 5 6 35 72 6 13 %
3 20 10 66 20169 1 120 1 20 122 27 1.9 %
4 12 16 13 4 19245 1 13 52 44 177 1.7%
5 25 5 15 157 8 17874 45 9 129 36 23 %
6 100 19 38 25 43 90 19575 1 75 3 2.0 %
7 17 33 108 24 71 0 0 20367 28 299 2.8 %
8 18 30 47 167 27 55 22 17 19337 70 23 %
9 12 20 62 74 89 33 3 144 134 19196 29 %
false p. ” 1.4% [ 0.7% 2.4% 2.7% 1.8% 1.8% [ 0.7% 1.6% [ 3.1% 3.2% 1.97%

classification error matrix for a binary dependence tree mixture (M=400 components, 819200 parameters)




Application Table Numerals Gaussian Comparison

Recognition of Numerals by Mixtures of Dependence Trees

decreasing information contribution of the dependence structure
(overall spanning-tree weight in iterations 1 = 8 for the numerals 0 = 9 )

300

250+

O HNON
oOw

200

150

100




Application Table Numerals Gaussian Comparison

Preprocessing of Screening Mammograms

local statistical model of a screening mammogram based on a
mixture of Gaussian dependence trees:

P(x|w, o, pt, ) = > WinF(x|0tm, fh, Em)
meM
examples of dependence-tree components (window: 13x13, N=145, M=36)

Pt 1 =
T T T  m
1 1 1 < < 1 :
—t i e l i } } e —
! I T -1 =
} } l 'L-I--.--! — .11 —ye
I I I ALk i
I I i i or
1§ B 1 r =
Tl 0 BEARICHEaNG=D
He= T = e
1 1 =] ]

example of changing overall spanning-tree weight in iterations 1 = 6
(window: 23x23, dimension: N=445, dependence-tree components: M=5)

1. 2438.90 2. 2739.22 3. 2781.51 4. 2777.5 5. 2782.35 6. 2792.63@



Application Table Numerals Gaussian Comparison

Comparison of Different Log-Likelihood Images

log-likelihood images for a digital mammogram

original mammogram product mixture model  dependence tree mixture Ij
UTIA



Application Table Numerals Gaussian Comparison

Product Mixtures versus Mixtures of Dependence Trees

P(x) = 3 Wi [Ty P(xalm) @  P(x) = 32, wanp(x2|m) [Ty, P(xal Xk, M)

product mixtures:

@ marginals simply available by omitting superfluous product terms

@ computationally efficient implementation of EM algorithm
@ EM algorithm directly applicable to incomplete data
& support "subspace” modification (component specific features)

© restrictive assumption: conditional independence of variables

mixtures of dependence trees

> statistical relationship between two variables by a single component

D

@ structural optimization by maximum weight spanning tree

)

> difficult evaluation of marginal distributions

5
U

© computationally demanding implementation of EM algorithm




Conclusion
Conclusion

large number of components:

@ intuitively: mixture of dependence trees is similar to nonparametric
Parzen estimate, the form of the kernels is less relevant

@ dependence structure of components does not improve the
approximation power of the product mixture essentially

@ information contribution of the dependence structure decreases in the
course of EM iterations

@ optimal estimate of the dependence tree mixture tends to approach a
simple product mixture model

small number of multidimensional components:

@ single dependence tree describes statistical relations between variables

@ information contribution of the dependence structure can increase in the
course of EM iterations

o dependence structure of components can essentially improve the
approximation quality A
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Conclusion

Appendix: Maximum-Weight Spanning-Tree Construction

[/ ks ok ok ks ok ok ko ok ok sk sk ok ok ok sk sk ok ok ok sk sk sk ok sk sk ok sk sk ok ok sk sk ok sk sk ok ok sk sk ok ok ok sk ok ok o
// Maximum-weight spanning tree construction (Prim, 1957)
[/ ks kok ok ks sk ok ok ok sk sk ok ok ok sk sk ok ok ok ks sk sk ok ok ks sk ok ok ks sk ok ks sk ko ks sk ok ok ks sk ok ok sk sk ok ok ok sk ok ok o

// NN........ number of nodes, N=1,2,...,NN

// TIN]...... characteristic function of the known part of spanning tree

// EINI[K]... positive weight of the edge <N,K>

// A[Kl...... index of the heaviest neighbor of node K in the known subtree
// GE[K]..... greatest edge weight between the node K and the known subtree
// KO........ index of the most heavy neighbor of the defined part of tree
// SUM....... total weight of the spanning tree: {<2,A[2]>,...,<NN,A[NN]>}

/) /% sk ks ks ke sk s ks ke ke s sk ks ks ke sk ks ke ks sk ks ke ko sk ks ke ks sk ks ks ke sk sk ks ks sk sk ks ok sk sk ks ok o ko
for(N=1; N<=NN; N++) {GE[N]=-1; T[N]=0; A[N]=0;} // dinitial values
NO=1; T[NO]=1; K0=0;
for(I=2; I<=NN; I++)

{ FMAX=-1EO;
for(N=2; N<=NN; N++) if(T[N]<1)
{ F=E[NO][N];
if (F>GE[N]) {GE[N]=F; A[N]=NO;} else F=GE[N];
if (F>FMAX) {FMAX=F; KO=N;}
} // end of N-loop
NO=KO; T[NO]=1; SUM+=FMAX;
} // end of spanning tree construction

(oTiA]



Conclusion

Minimum Information Divergence and Maximum Likelihood

By expanding the formula for /(P*(-)||P(:|cx, @)) we obtain

I(P*()IP(-|ex, 0)) = >~ P*(x)log P*(x) = Y P*(x)log P(x|cx,0) > 0

xeX xeX
= Y P*(x)log P(x|cx,0) < Y P*(x)log P*(x)
xeX xeX

= The left-hand sum is uniquely maximized by P(x|a, 0) = P*(x)

Denoting v(x) > 0 the relative frequency of the vector x in the sequence S
and P* the true probability distribution, we can write

1
lim ] > log P(x) = lsl‘im > (x)log P(x) = Y P*(x) log P(x
xES _MXJXES

S
|S]—=00 x€X

= Minimum information divergence and maximum-likelihood criterion
are asymptotically equivalent
(oA



Conclusion

Maximization of the Weighted Likelihood Function

Let the parameter b of the probability distribution F(x|b) has a
maximum-likelihood estimate defined as an additive function of x € S:

\S| Z log F(x|b), x € X, b &~ parametr
X€ES

b* _argmax{ls‘ZbgF’(‘b)} \S|Z

Denoting v(x) = N(x)/|S| the relative frequency of the vector x in S,
we can write equvivalently:

L—ny )log F(xb), X = {x€ X:7(x)> 0}, (Zy(x):l)

xeX xEX

ny —argmax{Z*y )log F x|b)}

xeX xeX

= The weighted likelihood function is maximized by the weighted
maximume-likelihood estimate  (for details cf. Grim, 1982)
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