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Statistical Approach to Pattern Recognition

x = (x1, . . . , xN) ∈ X: N-dimensional binary data vectors

Ω = {ω1, ω2, . . . , ωJ}: finite number of classes

P(x|ω)p(ω), ω ∈ Ω: conditional distributions of classes

Bayes formula: to classify any given x ∈ X

p(ω|x) =
P(x|ω)p(ω)

P(x)
, P(x) =

∑
ω∈Ω

P(x|ω)p(ω)

Probabilistic Neural Networks (PNN):

approximation of P(x|ω) by mixtures of product components

P(x|ω) =
∑

m∈Mω

wmF (x|m), F (x|m) =
∏
n∈N

fn(xn|m),
∑

m∈Mω

wm = 1.

P(x) =
∑

m∈M
f (m)F (x|m), f (m) = p(ω)wm, M =

⋃
ω∈Ω

Mω

Components ≈ Neurons ≈ all variables on input

Output Layer: p(ω|x) =
∑

m∈Mω
q(m|x), q(m|x) = F (x|m)f (m)∑

j∈M F (x|j)f (j)
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Subspace (Structural) Mixture Model

SUBSPACE MODEL: to avoid complete interconnection property

F (x|m) =
∏
n∈N

fn(xn|m)φmn fn(xn|0)1−φmn , φmn ∈ {0, 1}

φmn = 0 : distribution fn(xn|m) is replaced by a fixed “background” fn(xn|0)

P(x|ω) =
∑

m∈Mω

wmF (x|m) = F (x|0)
∑

m∈Mω

wmG (x|m,φm)

F (x|0) =
∏
n∈N

fn(xn|0), G (x|m,φm) =
∏
n∈N

[
fn(xn|m)

fn(xn|0)

]φmn

G (x|m,φm) ≈ defined on a subspace specified by φmn = 1

“background distribution” F (x|0) cancels in the Bayes formula:

p(ω|x) =
P(x|ω)p(ω)

P(x)
=

∑
m∈Mω

G (x|m,φm)f (m)∑
j∈M G (x|j ,φj)f (j)

≈
∑

m∈Mω

G (x|m,φm)f (m)

Remark. The subspace mixture model provides statistically correct solution
for Bayesian decision-making.
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Subspace Optimization by EM Algorithm (Grim, 1986)

subspace structure can be optimized by EM algorithm in full generality:

L =
1

|Sω|
∑

x∈Sω

log
[
F (x|0)

∑
m∈Mω

wmG (x|m,φm)
]
, F (x|0) =

∏
n∈N

fn(xn|0)

EM Algorithm: (m ∈Mω, n ∈ N , x ∈ Sω)

q(m|x) =
G (x|m,φm)wm∑
j∈Mω

G (x|j ,φj)wj
, fn(xn|m) = (θmn)xn (1− θmn)1−xn ,

w
′

m =
1

|Sω|
∑

x∈Sω

q(m|x), θ
′

mn =
1∑

x∈Sω
q(m|x)

∑
x∈Sω

xnq(m|x)

structural criterion: Kullback-Leibler information divergence

γ
′

mn = w
′

m

[
θ
′

mn log
θ
′

mn

θ0n
+ (1− θ

′

mn) log
(1− θ′mn)

(1− θ0n)

]
= I(f

′

n (·|m)||fn(·|0))

subspace structure optimization: φ
′

mn = 1 for the r highest values γ
′

mn

Remark. The “subspace” EM algorithm converges monotonically.
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Probabilistic Neural Networks (Grim et al. 1999-2012)

probabilistic neuron: interpretation of mixture components

ym = log q(m|x) = log f (m) +
∑
n∈N

φmn log
fn(xn|m)

fn(xn|0)
− log[

∑
j∈M

G (x|j , φj)f (j)]

Hebb’s postulate of learning
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Product Mixtures and Mixtures of Dependence Tree

product mixtures:

⊕ marginals simply available by omitting superfluous product terms

⊕ computationally efficient implementation of EM algorithm

⊕ EM algorithm directly applicable to incomplete data

⊕ support ”subspace”modification (component specific features)

	 restrictive assumption: conditional independence of variables

P(x) =
∑
m

wm

N∏
n=1

f (xn|m) ⊗ P(x) =
∑
m

wmf (x1|m)
N∏

n=2

f (xn|xkn ,m)

mixtures of dependence trees

⊕ statistical relationship between two variables by a single component

⊕ structural optimization by maximum weight spanning tree

	 difficult evaluation of marginal distributions

	 computationally demanding implementation of EM algorithm
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Dependence-Tree Concept (Chow & Liu, 1968)

chain expansion formula:

P(x) = f (x1)
N∏

n=2

f (xn|xn−1, . . . , x1), x = (x1, x2, . . . , xN) ∈ X,

dependence-tree expansion:

π = (i1, i2, . . . , iN) ≈ permutation of the index set N = {1, 2, . . . ,N}

P(x|π) = f (xi1 )
N∏

n=2

f (xin |xjn ), jn ∈ {i1, . . . , in−1}

P(x|π) = f (xi1 )
N∏

n=2

f (xin , xjn )

f (xjn )
=

[
N∏

n=1

f (xin )

][
N∏

n=2

f (xin , xjn )

f (xin )f (xjn )

]
,

in natural ordering:

P(x|α,θ) =
N∏

i=1

f (xi )
N∏

n=2

f (xn, xkn )

f (xn)f (xkn )
= f (x1)

N∏
n=2

f (xn|xkn )

marginals: θ = {f (xn, xkn ), n = 2, ..,N} //⇒ {f (xn), n = 1, ..,N}

dependence structure: α = (k2, .., kN) → to be optimized
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Mixtures of Binary Dependence Trees (Grim, 1984)

approximation of P(x|ω), ω ∈ Ω by dependence-tree mixtures:

P(x|w,α,Θ, ω) =
∑

m∈Mω

wmF (x|αm,θm) =
∑

m∈Mω

wmf (x1|m)
N∏

n=2

f (xn|xkn ,m)

w = (wm,m ∈Mω) ≈ weight vector
α = {αm,m ∈Mω} ≈ structural parameters
Θ = {θm,m ∈Mω} ≈ two-dimensional marginals
θm = {f (xn, xkn |m), n = 2, . . . ,N}

maximum likelihood criterion:

L(w,α,µ,Σ) =
1

|Sω|
∑

x∈Sω

log

[ ∑
m∈Mω

wmF (x|αm,θm)

]
, (ω ∈ Ω)

L(w,α,µ,Σ) =
1

|Sω|
∑

x∈Sω

log

[ ∑
m∈Mω

wmf (x1|m)
N∏

n=2

f (xn|xkn ,m)

]

Remark. The dependence structure of mixture components αm

can be optimized by means of EM algorithm in full generality.
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EM Algorithm for Binary Dependence-Tree Mixtures

EM algorithm: iterative maximization of Qm(αm,θm) (see paper)

Qm(αm,θm) =
∑

x∈Sω

q(m|x)

w ′
m|Sω|

log F (x|αm,θm), q(m|x) =
wmF (x|αm,θm)

P(x|w,α,Θ)
,

denoting:

f̂ (ξn|m) =
∑

x∈Sω

q(m|x)

w ′
m|S|

δ(ξn, xn), f̂ (ξn, ξkn |m) =
∑

x∈Sω

q(m|x)

w ′
m|S|

δ(ξn, xn)δ(ξkn , xkn )

we can write: (see paper)

Qm(αm,θm) =
∑
x∈S

q(m|x)

w ′
m|S|

[
log f (x1|m) +

N∑
n=2

log f (xn|xkn ,m)

]
=

=
1∑

ξ1=0

f̂ (ξ1|m) log f (ξ1|m)+
N∑

n=2

1∑
ξkn =0

f̂ (ξkn |m)
1∑

ξn=0

f̂ (ξn, ξkn |m)

f̂ (ξkn |m)
log f (ξn|ξkn ,m)

⇒ for any fixed αm weighted likelihood Qm(αm,θm) is maximized by

θ
′

m : f (ξn|m) = f̂ (ξn|m), f (ξn|ξkn ,m) = f̂ (ξn, ξkn |m)/f̂ (ξkn |m)
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EM Algorithm for Binary Dependence-Tree Mixtures

making substitutions: f
′
(ξn|m) = f̂ (ξn|m), f

′
(ξn|ξkn ,m) = f̂ (ξn|ξkn ,m)

we can write: Qm(αm,θ
′

m) =
N∑

n=1

1∑
ξn=0

f
′
(ξn|m) log f

′
(ξn|m)+

+
N∑

n=2

1∑
ξn=0

1∑
ξkn =0

f
′
(ξn, ξkn |m) log

f
′
(ξn, ξkn |m)

f ′(ξn|m)f ′(ξkn |m)
,

and, by using the Shannon information formula, we obtain:

Qm(αm,θ
′

m) =
N∑

n=1

−H(f
′

n|m) +
N∑

n=2

I(f
′

n|m, f
′

kn|m), m ∈Mω

therefore Qm(αm,θ
′

m) as a function of αm is maximized
by the maximum-weight spanning-tree: MWST Algorithm

α
′

m = arg max
αm

{
N∑

n=2

I(f
′

n|m, f
′

kn|m)

}
, I(f

′

n|m, f
′

kn|m) ≈ edge weight
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SUMMARY: Dependence-Tree EM Algorithm

CRITERION: L =
1

|Sω|
∑

x∈Sω

log
[ ∑

m∈Mω

wmf (x1|m)
N∏

n=2

f (xn|xkn ,m)
]

EM Algorithm: (m ∈Mω, n ∈ N , x ∈ Sω)

q(m|x) =
wmF (x|αm,θm)

P(x|w,α,Θ, ω)
, w

′

m =
1

|Sω|
∑

x∈Sω

q(m|x)

for all pairs (n, k):

θ
′

m : f
′
(ξn|ξk ,m) = f̂ (ξn, ξk |m)/f̂ (ξk |m), (f

′
(ξn|m) = f̂ (ξn|m)),

for any fixed αm:

I(f
′

n , f
′

kn
) =

1∑
xn=0

1∑
xkn =0

f
′
(xn, xkn ) log

f
′
(xn, xkn )

f ′(xn)f ′(xkn )
≈ edge weight

optimal structure: maximum weight spanning trees

α
′

m = arg max
αm

{
N∑

n=2

I(f
′

n|m, f
′

kn|m)

}
, m ∈Mω
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Approximation Accuracy of a Binary Table Distribution

P∗: original; P1: product of marginals; P2: Chow & Liu; P3: Ku & Kullback;

product mixtures P4: M=2; P5, P6: M=3; dependence tree mixture P7: M=2;

( J. Grim, Kybernetika, Vol. 20, No. 1, pp. 1-17, 1984 )
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Recognition of Numerals by Mixtures of Dependence Trees

approximation of conditional distributions by mixtures of
dependence-tree components:

P(x|ω) = P(x|w,α,Θ, ω) =
∑

m∈Mω

wmf (x1|m)
N∏

n=2

f (xn|xkn ,m)

examples of dependence-tree components (numerals: 0, 3, 8)

(number of components |M| = 400, number of parameters: |Θ| = 819200)
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Comparison of Recognition Error: NIST Numerals

Recognition of numerals by mixtures of product components:

P(x|ω) =

[∏
n∈N

fn(xn|0)

] ∑
m∈Mω

wm

∏
n∈N

[
fn(xn|m)

fn(xn|0)

]φmn

, ω ∈ Ω

Experiment No. I II III IV V VI VII VIII IX

Components 10 40 100 299 858 1288 1370 1459 1571

Parameters 10240 38758 89973 290442 696537 1131246 1247156 1274099 1462373

Classif. error in % 11.93 4.81 4.28 2.93 2.40 1.95 1.91 1.86 1.84

Recognition of numerals by mixtures of dependence-tree components:

P(x|ω) =
∑

m∈Mω

wmf (x1|m)
N∏

n=2

f (xn|xkn ,m), ω ∈ Ω

Experiment No. I II III IV V VI VII VIII IX

Components 10 40 80 100 150 200 300 400 500

Parameters 20480 81920 163840 204800 307200 409600 614400 819200 1024000

Classif. error in % 6.69 4.13 2.86 2.64 2.53 2.22 2.13 1.97 2.01
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Error Matrix: Product Mixture x Dependence Tree Mixture

CLASS 0 1 2 3 4 5 6 7 8 9 false n.

0 19950 8 43 19 39 32 36 0 38 17 1.1 %
1 2 22162 30 4 35 7 18 56 32 6 0.9 %
2 32 37 19742 43 30 9 8 29 90 16 1.5 %
3 20 17 62 20021 4 137 2 28 210 55 2.6 %
4 11 6 19 1 19170 11 31 51 30 247 2.1 %
5 25 11 9 154 4 17925 39 6 96 34 2.1 %
6 63 10 17 6 23 140 19652 1 54 3 1.6 %
7 7 12 73 10 73 4 0 20497 22 249 2.1 %
8 22 25 53 97 30 100 11 11 19369 72 2.1 %
9 15 13 25 62 114 22 3 146 93 19274 2.5 %

false p. 0.9% 0.7% 2.7% 2.0% 1.7% 2.3% 0.7% 1.6% 3.3% 3.5% 1.84%

Error matrix for a product mixture model (|M|=1571, |Θ|=1462373)

CLASS 0 1 2 3 4 5 6 7 8 9 false n.

0 19979 11 62 21 18 26 25 2 28 10 1.0 %
1 5 21981 78 13 74 1 20 155 21 4 1.7 %
2 22 15 19777 72 26 5 6 35 72 6 1.3 %
3 20 10 66 20169 1 120 1 20 122 27 1.9 %
4 12 16 13 4 19245 1 13 52 44 177 1.7 %
5 25 5 15 157 8 17874 45 9 129 36 2.3 %
6 100 19 38 25 43 90 19575 1 75 3 2.0 %
7 17 33 108 24 71 0 0 20367 28 299 2.8 %
8 18 30 47 167 27 55 22 17 19337 70 2.3 %
9 12 20 62 74 89 33 3 144 134 19196 2.9 %

false p. 1.4% 0.7% 2.4% 2.7% 1.8% 1.8% 0.7% 1.6% 3.1% 3.2% 1.97%

Error matrix for a dependence-tree mixture model (|M|=400, |Θ|=819200)
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Information Contribution of the Dependence Structures

overall spanning-tree weight in iterations 1 ÷ 8 for the numerals 0 ÷ 9
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Conclusion

small number of multidimensional components:

a single dependence tree can describe statistical relations of variables

dependence trees may essentially increase approximation power of a
small number of product components

information contribution of a small number of dependence tree
components can increase in the course of EM iterations

large number of components:

mixture of many dependence trees is similar to nonparametric Parzen
estimate, the form of the kernels is less relevant

dependence structure of components does not increase the
approximation power of large product mixtures essentially

in large mixtures the information contribution of dependence structures
usually decreases in final EM iterations

optimal estimate of a large dependence tree mixture tends to approach
a simple product mixture model
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Appendix: Maximum-Weight Spanning-Tree Construction

//**************************************************************************

// Maximum-weight spanning tree construction (Jarnı́k, 1930, Prim, 1957)

//**************************************************************************

// NN........ number of nodes, N=1,2,...,NN

// T[N]...... characteristic function of the known part of spanning tree

// E[N][K]... positive weight of the edge <N,K>

// A[K]...... index of the heaviest neighbor of node K in the known subtree

// GE[K]..... greatest edge weight between the node K and the known subtree

// K0........ index of the most heavy neighbor of the defined part of tree

// SUM....... total weight of the spanning tree: {<2,A[2]>,...,<NN,A[NN]>}

//**************************************************************************

for(N=1; N<=NN; N++) {GE[N]=-1; T[N]=0; A[N]=0;} // initial values

N0=1; T[N0]=1; K0=0;

for(I=2; I<=NN; I++)

{ FMAX=-1E0;

for(N=2; N<=NN; N++) if(T[N]<1)

{ F=E[N0][N];

if(F>GE[N]) {GE[N]=F; A[N]=N0;} else F=GE[N];

if(F>FMAX) {FMAX=F; K0=N;}

} // end of N-loop

N0=K0; T[N0]=1; SUM+=FMAX;

} // end of spanning tree construction

Back
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Product Mixture Component as Probabilistic Neuron

probabilistic neuron: interpretation of mixture components

ym = log q(m|x) = log f (m) +
∑
n∈N

φmn log
fn(xn|m)

fn(xn|0)
− log[

∑
j∈M

G (x|j , φj)f (j)]

q(m|x) ≈ probability of “spike” given the input pattern x

f (m) ≈ spontaneous activity of the m-th neuron

log fn(xn|m)
fn(xn|0) ≈ contribution of the input xn to the activation of m-th neuron

log [
∑

j∈M G (x|j , φj)f (j)] ≈ common “norming” term (lateral inhibition)

”synaptical weight”: log
fn(xn|m)

fn(xn|0)
= log

fn(xn|m)

Pn(xn)
= log

q(m|xn)

f (m)

Hebb’s postulate of learning (Hebb, 1949)

“When an axon of cell A (≈ n) is near enough to excite a cell B (≈ m) and
repeatedly or persistently takes part in firing it, some growth process or
metabolic changes take place in one or both cells such that A’s efficiency as
one of the cells firing B, is increased.”

Back


	Outline
	Main Talk
	Probabilistic Neural Networks
	Statistical Recognition by Product Mixtures
	Subspace Mixture Model
	EM Algorithm for Subspace Mixtures
	Product Mixture Component as Probabilistic Neuron

	Mixtures of Dependence Trees
	Properties of Product Mixtures and Dependence Tree Mixtures
	Dependence-Tree Concept  (Chow & Liu, 1968)
	Mixtures of Binary Dependence Trees
	EM Algorithm for Dependence-Tree Mixtures

	Product Mixtures versus Dependence Tree Mixtures
	Comparison of Approximation Accuracy: Table Distribution
	Recognition of Numerals by Mixtures of Dependence Trees
	Comparison of Recognition Error: NIST Numerals
	Information Contribution of the Dependence Structures

	Conclusion


